Applications of Quantified Constraint Solving over the Reals -
  Bibliography by Ratschan, Stefan
ar
X
iv
:1
20
5.
55
71
v1
  [
cs
.L
O]
  2
3 M
ay
 20
12
Applications of Quantified Constraint Solving over the Reals
Bibliography
Stefan Ratschan
August 12, 2018
Quantified constraints over the reals appear in numerous contexts. Usually existential
quantification occurs when some parameter can be chosen by the user of a system, and univeral
quantification when the exact value of a parameter is either unknown, or when it occurs in
infinitely many, similar versions.
The following is a list of application areas and publications that contain applications for
solving quantified constraints over the reals. The list is certainly not complete, but grows as
the author encounters new items. Contributions are very welcome!
Electrical Engineering/Electronics: [102, 98]
Numerical Analysis: [79, 100, 80, 101, 59, 58, 81, 107]
Control: [1, 68, 67, 41, 66, 86, 9, 6, 51, 4, 27, 96, 99, 97, 95, 87, 40, 104, 39, 89, 112, 7,
94, 60, 108], survey [38], reachability [76, 77, 75, 8], embedded control systems [106],
hybrid systems [45, 47, 50, 105, 98, 44, 69], projection of system output function [55],
computation of control invariant sets [21], optimal control [90]
Computational Geometry/Motion Planning/Collision Detection: [103, 66, 56, 110,
10]
Constraint Databases: [74, 22, 91, 13, 2, 14, 46, 73]
Theorem Proving in Real Geometry: [36, 35]
Program Analysis: [32, 33, 53, 54, 29, 30, 111],
Several Different: [37, 109, 82, 66]
Use of Predicate Language for Modeling Engineering Problems: [42, 17]
Other: camera motion: [15], constraint logic programming: [57], mechanical engineering:
[62, 61], mathematics: [78] (from [70]), [23, 71], biology: [28, 50, 92, 24, 5, 113, 114, 25],
interpolation: [52], scheduling [48], automated theorem proving [16, 64, 63, 88], opti-
mization: [3], termination of rewrite systems [31, 34, 83], flight control [49], hybrid sys-
tems [93], injectivity test [19] (see Lagrange/Delanoue/Jaulin papers), computer assisted
proofs [11, 115], parameter estimation [18, 20, 72]
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2 Examples
A collection of examples from the above papers. I am thankful for any contribution!
• Robust-1 [38]:
FORALL([p], [[0, 1]],
9 + 48 p + 48 q + 32 p q > 0 /\
1 + p + q > 0 /\
-16 p - 16 q + 16 p^2 + 16 q^2 + 7 > 0
);
[q];
[[-2, 2]];
Solution: [38]: 4q − 1 < 0/\16q + 3 > 0/\4q − 3 > 0, that is (−0.1875, 0.25) union
(0.75,∞).
• Robust-2 [43, 84]:
FORALL([q1, q2, ww], [[0.8, 1.25], [0.8, 1.25], [0.0, infty]],
-k2 - k1 q1 > 0 /\
- q1 k1 - 50 > 0 /\
2 k2^2 ww^2 + 4 k2^2 ww k1 q1 q2 + k2^2 k1^2 q1^2 q2^2 + 2 k2^2 ww q2^2 + 4 k2 ww k1 q1 q2^2 + ww k1^2 q1^2 q2^2 > 0 /\
400 k2^2 ww^2 + 800 k2^2 ww k1 q1 q2 + 400 k2^2 k1^2 q1^2 q2^2 + 400 k2^2 ww q2^2 + 800 k2 ww k1 q1 q2^2 + 400 ww k1^2 q1^2 q2^2 - k2^2 k1^2 q2^2 - ww^2 k1^2 - k2^2 ww k1^2 - ww k1^2 q2^2 > 0
);
[k1, k2];
[[-200, 0], [0, 10]];
• Robust-3 [41]:
FORALL([ p1, p2 ], [ [0.8, 1.25], [0.8, 1.25]],
p2*(1+p1*q1) < 0 /\
FORALL([w1], [[0,10]], 99*w1^2 + p2^2 * (100*(1+p1*q1)^2 - 1) > 0) /\
FORALL([w2], [[-infty,infty]], (400-q1^2)*w2^2 + p2^2*(400*(1+p1*q1)^2-q1^2) > 0)
);
[q1];
[ [-50, 10] ];
Solution [41]: −20 ≤ q1 < −1.375
• Robust-4 [84, 12]
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FORALL([p1, p2, p3, p4], [[2.5, 3.5], [1.5, 2.5], [2.5, 3.5], [9.5, 10.5]],
p2 q2 + p4 q4 > 0 /\
p4 + q4 + p1 q1 - p3 q3 > 0 /\
p1 p3 q2 q4 - p1 p3 q2 p4 - p2 q1 p3 p4 - 2 p1 p2 q1 q2 - p1 q2 p4 q3 + p2 q1 p3 q4 - p2 q1 p4 q3 + 2 p2 p3 q2 q3 + p1 q2 q3 q4 + p2 q1 q3 q4 + 2 p3 p4 q3 q4 - p1 q1 p3 p4 q3 - p1 q1 p3 q3 q4 - p2 p3^2 q2 - p2 q2 q3^2 - p3 p4^2 q3 - p3 p4 q3^3 - p3 q3 q4^2 - p3^3 q3 q4 - p1 p2 q1^2 p3 + p1 p2 q1^2 q3 - p1^2 q1 p3 q2 + p1^2 q1 q2 q3 + p1 q1 p4 q3^2 + p1 q1 p3^2 q4 - p1 p3 q2 q3^2 + p1 p3^2 q2 q3 - p2 q1 p3 q3^2 + p2 q1 p3^2 q3 - p1^2 q2^2 - p2^2 q1^2 + p3^2 p4 q3^2 + p3^2 q3^2 q4 > 0 /\
q3 - p3 > 0
);
[q1, q2, q3, q4];
[[19, 21], [22, 24], [9, 11], [4, 5]];
• Robust-5 [66]
FORALL([z, T, w0, K], [[0.95, 1.05], [-1.05, -0.95], [0.95, 1.05], [0.95, 1.05]],
K c1 w0^2 < 0 /\
2 z T w0 + 1 < 0 /\
(2 z w0 + w0^2 T + w0^2 T c3)*(2 z T w0 + 1) - w0^2 (K*c2+1) < 0 /\
w0^2*(K*c2 + 1)*(2*T*z*w0 + 1)*(2*z*w0 + w0^2*(T + K*c3)) - K*c1*w0^2*(2*T*z*w0 + 1)^2 - w0^4*(K*c2 + 1)^2 < 0
);
[ c1, c2, c3 ];
[[ -10, 10], [-10, 10], [-10, 10]];
• Robust-6 [65]
FORALL([p1, p2, p3], [[0.9, 1.1], [0.9, 1.1], [0.9, 1.1]],
(1 + c2*p1 )*( (p2*p3^2 +p3)*(p2*p3 +1) - p2*(p3^2 +c2*p1*p3^2)) - (p2*p3 + 1)^2*(c1*p1) > 0 /\
(p2*p3 + 1)*(p2*p3 + 1) - p2*( p3 + c2*p1*p3) > 0 /\
c1*p1*p3^2 > 0
);
[c1, c2];
[[0, 1], [0, 1]];
• Control-Stabilization-1 [1]
EXISTS([A, B, D, P1, P2, P3, P4, P5, P6, P7, P8, P9],
P1 > 0 /\ P2 > 0 /\ P3 > 0 /\ P4 P5 > 0 /\ A > 0 /\ B P6 P7 > 0 /\ P8 P9 > 0 /\
P1 = A B^2 - D^2 /\
P2 = - A B + A + D^2 - D - 1 /\
P3 = A B - A D - 2 A + D^3 + 4 D^2 + 4 D /\
P4 = A B - 2 A - B D^2 - 4 B D - 4 B + 2 D^2 + 5 D + 2 /\
P5 = A B^3 - A B^2 D - 4 A B^2 + 2 A B D + 4 A B + 2 B D^3 + 5 B D^2 + 2 B D - D^3 - 4 D^2 - 4 D /\
P6 = A B - 2 A - B D^2 - 4 B D - 4 B + 2 D^2 + 4 D /\
P7 = A B^2 - A B D - 4 A B + 2 A D + 4 A + 2 D^3 + 4 D^2 /\
P8 = A B - 2 A - B D^2 - 4 B D - 4 B + 2 D^2 + 3 D - 2 /\
P9 = A B^3 - A B^2 D - 4 A B^2 + 2 A B D + 4 A B + 2 B D^3 + 3 B D^2 - 2 B D + D^3 + 4 D^2 + 4 D
);
Solution: True, witness: A=110, B=3/2, D=15
• Biology-1 [28]
FORALL([c, t, r, h, d, v],
(r>0 /\ t>0 /\ c<1 /\ d>0 /\ v>0) ==>
((d+1)(v+t+1) = r h (c t + d + 1) ==> -(d+1)(v d + v + t d + t + d + 1 - h r c t - h r d - h r)=0))
Solution [28]: True
• Biology-2 [28]
10
FORALL([r2, p1],
(r2>1/2 ==>
(4 (180 + 180 r2^2) = 75 (12+6 r2) /\
(8 + 24 p1 + 20 r2 - 16 r2^2 p1 + 198 r2^2 p1^2 + 95 p1 r2 + 185 r2 p1^2 - 32 r2^2 - 32 p1^2) p1 = 0) ==> p1 <= 0 ))
Solution [28]: True
• Biology-3 [28]
FORALL([r1, r2, p1],
(r2>0 /\ r1>0 /\ r2>r1) ==>
(( 4 (720 r1^2 + 180 r2^2)= 75 (24 r1 + 6 r2) /\
(-88 r1 r2^2 p1^2 + 56 r1 r2^2 p1 - 480 r1^2 p1^2 r2 - 335 r1 p1 r2 + 55 r2 r1
p1^2 + 480 r1^2 p1 r2 - 80 r1^2 + 128 r1^3 + 80 r1^2 p1 - 20 r2^2 p1 - 20 r2 p1 - 55
r2^2 p1^2 - 256 r1^3 p1 + 128 r1^3 p1^2 + 32 r1 r2^2) p1 = 0) ==> p1 <= 0)
Solution [28]: True
• Biology-4 [28]
FORALL([g2, p1],
(r2>0 /\ r1>0 /\ r2>r1 /\ 0<g2 /\ g2 < 1/2) ==>
(( 4 (900 r1^2 (1-g2) + 900 r2^2 g2 ) = 75 (30 r1 (1-g2) + 30 r2 g2) /\
(55 r2^2 g2 p1^2 + 20 r2^2 g2 p1 + 20 r2 g2 r1 - 40 r2 g2 r1 p1 + 20 r1^2 - 20
r1^2 g2 - 32 r1^3 + 32 r1^3 g2 + 75 r1 p1 r2 - 55 r2 g2 r1 p1^2 - 120 r1^2 p1 r2 + 120
r1^2 p1 r2 g2 + 120 r1^2 p1^2 r2 - 120 r1^2 p1^2 r2 g2 - 56 r1 r2^2 g2 p1 + 88 r1 r2^2
g2 p1^2 - 32 r1^3 p1^2 + 32 r1^3 p1^2 g2 - 20 r1^2 p1 + 20 r1^2 p1 g2 + 64 r1^3 p1 -
64 r1^3 p1 g2 - 32 r1 r2^2 g2) p1 = 0 ) ==> p1 <= 0))
Solution [28]: True
• Biology-5 [28]
FORALL([p1], (t > 0) ==> (( 2 (48 t + 7) = 7 (1 + 8 t) /\
-3472875 p1 - 26162325 p1^2 + 10584000 t - 69325200 t p1 - 327499200 t^2 p1 - 578283300
t p1^2 - 4222108800 t^2 p1^2 - 10163232000 t^3 p1^2 + 1852200 = 0) ==> (p1 <= 0)))
Solution [28]: True
• Biology-6 [28]
FORALL([p1], (t > 0 /\ 0 < c /\ c < 1) ==> (( 2 (60 c t + 7) = 7 (1 + 8 t) /\
139179600 t p1 - 87318000 c t p1 - 662256000 c t^2 p1 + 357210000 t p1^2 c + 5765256000
t^2 p1^2 c + 3472875 p1 + 14817600 t + 26162325 p1^2 + 23250240000 c t^3 p1^2 +
292515300 t p1^2 + 857304000 t^2 p1 - 390096000 t^2 p1^2 - 31752000 c t - 8436960000 t^3
p1^2 - 1852200 = 0) ==> (p1 <= 0))
Solution [28]: True
• Biology-7 [28]
FORALL([p1], (t > 0 /\ 2 r2 > 1) ==> (( 8 (1+r2^2) (1+ 6 t) = (2 + r2) 5 (1 + 8 t) /\
-370440 - 1111320 p1 + 8678880 r2^2 t p1 - 926100 r2 + 25401600 r2^2 t^2 p1 - 3538080000
r2^2 t^3 p1^2 + 1481760 p1^2 + 29529360 t p1^2 - 91551600 t p1 r2 - 153071100 t p1^2 r2 -
791985600 t^2 p1^2 r2 - 202127940 r2^2 t p1^2 - 1472385600 r2^2 t^2 p1^2 - 5927040 t +
740880 r2^2 p1 - 4398975 p1 r2 - 7726320 t p1 + 182347200 t^2 p1^2 - 9168390 r2^2 p1^2 -
8566425 r2 p1^2 + 8890560 r2^2 t + 1481760 r2^2 - 450878400 t^2 p1 r2 - 925344000 t^3 p1^2
r2 - 7408800 t r2 + 12700800 t^2 p1 + 326592000 t^3 p1^2 = 0) ==> (p1 <= 0)))
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Solution [28]: True
• Control-1 [67], Example 2.2
EXISTS([u], [[-0.5, 0.5]],
-x1 + x2 u = 0 /\ -x2 + (1+x1^2) u + u^3 = 0
)
Solution [67]:
x2^4 - x1^3 x2^2 - x1 x2^2 - x1^3 = 0 /\ (x2 + 2 x1 <= 0 \/ x2 - 2 x1 >= 0)
• Control-2 [67], Example 4.1
FORALL([t], [[0, 1]]
EXISTS([u, l], [[-1,1], (0, \infty]],
-t + 2 = l /\ -(3 t^2 - 2 t^3) - t^2 + 4 u = l ( 6 t - 6 t^2 ) ))
• Reachability-1 [75], Example 3.4
EXISTS([z], [[ 1, \infty ]],
x2 >= 3 /\
x1 z^2 = 4 /\
(2 x2 - 1) + z^2 = 6 z
)
Solution: x2 ≥ 3 ∧ 4x12x22 − 4x12x2 + 16x1x2 + x12 − 152x1 + 16 = 0
• Reachability-2 [75], Example 3.5
EXISTS([a, z], [[ 0, 1 ], [ 1, \infty ]],
y1 = 2/3 a (-z^4 + z) /\
y2 z^2 = 1/2 a (z^4 - 1)
)
EXISTS([z], [[ 1, \infty ]],
3 y1 (z^3 + z^2 + z + 1) + 4 y2 (z^5 + z^4 + z^3) = 0
)
Solution: (y2 > 0 ∧ y1 + y2 ≤ 0) ∨ (y2 < 0 ∧ y1 + y2 ≥ 0) ∨ 4y2 + 3y1 = 0
• Reachability-3 [75], Example 3.6
EXISTS([w, z], [[-2,2], [-2,2]],
w^2+z^2 = 1 /\
0 = (z^2-w^2)-2/3 w /\
y2 = - 4 z w - 5/3 z
);
[y2];
[[0, 4]];
Solution: y2 =
√
−181
√
19+908
9
√
2
∨ y2 =
√
181
√
19+908
9
√
2
• Reachability-4 [75], Example 3.7
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EXISTS([w, z, a], [[-2,2], [-2,2], [0, \infty]],
a>0 /\
w^2+z^2 = 1 /\
-3a = w ((4 a^2 - 2) z + 2 - a^2) /\
3a = (a^2-2)(w^2-z^2+z)
);
[];
[];
13
